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A p-adic integral for the reciprocal of L-functions
Stephen Gelbart, Stephen D. Miller, Alexei Panchishkin,
and Freydoon Shahidi
Dedicated to the memory of Ilya Piatetski-Shapiro
Abstract. We introduce an analog of part of the Langlands-Shahidi method
to the p-adic setting, constructing reciprocals of certain p-adic L-functions us-
ing the nonconstant terms of the Fourier expansions of Eisenstein series. We
carry out the method for the group SL2, and give explicit p-adic measures
whose Mellin transforms are reciprocals of Dirichlet L-functions. The formu-
las for these measures involve Fourier coefficients of Eisenstein series, plus a
delicately chosen multiple of Haar measure necessary for boundedness.
1. Introduction and Motivation
The theory of automorphic forms and L-functions is now understood in some
general settings, especially the role played by the Langlands Program. One ap-
proach towards this program has been through various methods of exploring L-
functions of a single complex variable attached to automorphic forms. These have
included the method of integral representations (e.g., the methods of Riemann,
Hecke, Tate, and Rankin-Selberg) as well as the Langlands-Shahidi method of
studying the Fourier expansions of Eisenstein series.
One (long term) goal is to study p-adic L-functions using these techniques. In
particular, we are interested in a p-adic analysis of the Langlands-Shahidi method,
which we now review in the complex setting [La76, La71, Sha81, Sha88, Sha90].
Motivated by his study of Selberg’s theory of particular Eisenstein series, Langlands
investigated Eisenstein series on quite general reductive groups G, induced from au-
tomorphic representations π of smaller reductive groupsM . These series generalize
(1.1) E(z, s) = 12
∑
(c,d) 6=(0,0)
gcd(c,d)=1
ys
|cz + d|2s , Re s > 1 ,
in the setting G = SL(2) and M = GL(1).
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In general, the spectral theory of self-adjoint operators produces a meromor-
phic continuation of the Eisenstein series. In [La71], Langlands showed that the
constant terms in a Fourier expansion of these Eisenstein series inherited this mero-
morphic continuation and were expressible as a ratio of a product of automorphic
L-functions. While this eventually led to the proof of the meromorphy of each indi-
vidual L-function in the constant term [Sha88, Sha90], the proof of the functional
equation and their holomorphy had to wait. In fact, many years later, Shahidi
computed non-constant Fourier coefficients of those Eisenstein series and proved
the analytic continuation and functional equations of many L-functions. In the set-
ting of G = SL(2),M = GL(1) from (1.1), the non-holomorphic Eisenstein series
E(z, s) has a Fourier expansion whose first Fourier coefficient is
(1.2) 2 y1/2Ks−1/2(2πy)
1
Γ(s) ζ(2s)
;
see [GeSha] for more details. In the present discussion, the most important feature
is the appearance of the Riemann ζ-function in the denominator.
To summarize, the analytic continuation and functional equation of the Rie-
mann ζ-function can be derived from the same properties of Eisenstein series. In
this paper we shall see how this SL(2) phenomena carries over p-adically.
Of course, the Riemann ζ-function has several different analytic constructions,
most of which are based on Poisson summation (for example, Riemann’s own con-
struction as the Mellin transform of Jacobi’s θ-function). Poisson summation is
naturally a distributional statement (in the sense of Laurent Schwartz) about sum-
ming Dirac δ-functions at every integer,
(1.3)
∑
n∈Z
δn(x) =
∑
n∈Z
e2πinx .
Thus the distribution
∑
n 6=0 e
2πinx is equal to the constant −1 between integers,
making the continuous periodic functions
∑
n 6=0 e
2πinxn−k, k ≥ 2, equal to polyno-
mials on the open interval 0 < x < 1. These polynomials are constant multiplies of
the Bernoulli polynomials, and take the value 2ζ(k) at x = 0, for k a positive even
integer. It was later understood that this underlying mathematics can be viewed as
a construction of the Riemann ζ-function as a p-adic Mellin transform of a p-adic
measure, often called “Mazur’s measure” [Ku-Le, Iw, MaSwD, Kob84] (more on
this in Section 2 below.)
Serre [Se73] gave another construction of the p-adic ζ-function using the con-
stant terms of Eisenstein series and p-adic modular forms, though his methods
overlap nontrivially (in particular, they also rely on Poisson summation). With
this motivation, we present a p-adic measure based on the nonzero Fourier modes of
holomorphic Eisenstein series, whose Mellin transform is the reciprocal of the p-adic
ζ-function. Hopefully this can later be extended to the larger class of L-functions
that arise from the (G,M)-pairs that the Langlands-Shahidi method treats in gen-
eral. Our theorem reads as follows.
Theorem 1.4. Assume that p > 2 is a regular prime (i.e., p does not divide
the class number of Q(e2πi/p)).
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(a) There exists an explicitly defined p-adic measure µ∗ on Z∗p whose Mellin
transform is the reciprocal of the p-adic Riemann ζ-function, i.e.,
(1.5)
∫
Z∗p
xk−1 dµ∗ = (1− pk−1)−1 ζ(1 − k)−1
for all even positive integers k. Moreover, the measure µ∗ can be expressed in
terms of the nonzero Fourier coefficients of classical holomorphic Eisenstein series,
corrected by an additive nonzero multiple of p-adic Haar “measure”.
(b) More generally, for any nontrivial Dirichlet character∗ χmod pα, α > 0, a
similar equality holds, namely that
(1.6)
∫
Z∗p
χ(x)xk−1 dµ∗ = L(1− k, χ)−1
for any positive integer k satisfying the parity condition χ(−1) = (−1)k.
Remarks:
1) The regularity assumption on p is crucial, for otherwise some of the p-adic
L-functions in (1.5-1.6) definitely vanish, and such a measure µ⋆ cannot exist. Nev-
ertheless, the Eisenstein construction and calculation we give applies to irregular
primes, producing merely a p-adic distribution (instead of a measure). It would be
interesting, however, to identify the singular behavior for irregular p. The continua-
tion of the reciprocal of the p-adic Riemann ζ-function recently came up completely
independently in [ConCon], where the authors face some similar analytic issues.
2) Our method unfortunately says very little about the boundedness of the
explicitly-defined distribution µ∗, at least not directly. We had initially hoped to
find a direct proof from properties of the Eisenstein series it is defined from, but
instead rely on results about invertibility within the Iwasawa algebra (see section 4).
Thus the main contribution here is the explicit nature of the measure, in particular
its derivation from Eisenstein series. On the other hand, should such a proof of the
analytic continuation of reciprocal L-functions be discovered, the same invertibility
mechanism may then give a new proof of the boundedness of Mazur’s measure in the
regular case. There are deep analytic issues regarding the continuation of reciprocal
L-functions (such as Leopoldt’s conjecture on their nonvanishing at s = 1), which
demonstrates the subtlety of the issue.
3) Mazur’s measure is closely related to the trigonometric series
∑
n6=0 e
2πinxn−k
mentioned in the opening paragraph. Likewise, our measure is closely related to∑
n6=0 e
2πinxµ(|n|)n−k, where µ(·) denotes the Möbius µ-function. While the first
sum is essentially a polynomial, the latter is analytically very difficult because of
the behavior of its coefficients. For example,
∑
n6=0 |n|−s = 2ζ(s) has a meromor-
phic continuation to the complex plane with only a single, simple pole, whereas
the location of the poles of
∑
n6=0 µ(|n|)|n|−s = 2ζ(s)−1 depends on the Riemann
hypothesis.
4) Our proof uses neither spectral theory nor the general theory of Eisenstein se-
ries, but these may perhaps be ingredients in generalizations to higher rank groups.
∗By definition, χ(p) = 0 even for the trivial character modpα when α > 0. We also tacitly
identify finite order characters on Z∗
p
with primitive Dirichlet characters.
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In fact, since we have looked at SL(2) we have really used only classical predeces-
sors to the Langlands-Shahidi method. Our estimation is that obtaining an explicit
formula for the reciprocal measure of p-adic L-functions from Eisenstein series for
higher rank groups (like the Langlands-Shahidi method does in the complex case)
will be less difficult than showing the boundedness necessary for the reciprocals
to have p-adic analytic continuations. As we mentioned in remark 2), this bound-
edness would give p-adic analytic continuations of those L-functions. Since the
L-functions treated by the Langlands-Shahidi method are more numerous than the
ones that can be p-adically analytically continued at present, this approach might
lead to new results in that area. That is the main motivation for this work, and the
present paper should be viewed as an exercise that carries out the formal aspects
in the simplest case. Since p-adic interpolation is not expected for all automorphic
L-functions, additional algebraicity hypotheses will be necessary in higher rank (for
example, that the archimedean component be of cohomological type).
5) Langlands wrote a 1987 letter to the first author about a conversation with
Coates which speculated about which of the two mathematical methods of con-
structing complex L-functions would be most useful to p-adic L-functions. Coates
had remarked to Langlands that only the technique of integral representations had
been useful p-adically. Unfortunately, this conversation, and this letter, were for-
gotten by everyone with the passing of years. Only in 2010, when this paper
was already begun, did the first author come across this letter while looking for
something completely different. Langlands’s letter, which goes on to describe the
desirability of having concrete evidence that the Langlands-Shahidi method might
be used p-adically, then served as extra encouragement for this project.
Acknowledgements. We would like to extend our thanks to Ching-Li Chai,
Haruzo Hida, Fabian Januszewski, Robert Langlands, Barry Mazur, Christopher
Skinner, Jerrold Tunnell, and Eric Urban for their helpful conversations. We wish
to give particular thanks to Siegfried Böcherer for vetting some earlier ideas, and
to John Coates for carefully explaining to us how the existence of µ∗ follows from
facts about the Iwasawa algebra.
We are very grateful for the opportunity to participate in this volume in memory
of Ilya Piatetski-Shapiro. All four of us were collaborators of Ilya, and have deep
admiration for his profound contributions and leadership in automorphic forms.
May his work and courage be remembered for generations.
2. Mazur’s measure and its real analytic interpretation
One of the key motivations and ingredients in Theorem 1.4 is Mazur’s measure
µ1,c (defined below in (2.12)), which has the property that for any finite order
character χ of Zp and positive integer k having the same parity as χ
(2.1)
∫
Z∗p
χ(x)xk−1 dµ1,c = − (1− χ(c)−1c−k) (1− χ(p)pk−1)L(1− k, χ) ,
where c > 1 is a fixed integer relatively prime to p which we specialize in section 4.
In preparation for the Fourier series argument in section 3, in this section we give
a proof of this formula in similar terms. Some of this material is motivated by a
question of Mazur concerning how the construction of the Riemann ζ-function in
[MS04] relates to his p-adic measure.
A p-ADIC INTEGRAL FOR THE RECIPROCAL OF L-FUNCTIONS 5
We return to the setting of the opening paragraph, specifically identity (1.3),
and recall that the classical Bernoulli polynomialsBk(x) are antiderivatives of either
side in the sense that
(2.2) Bk(x) = − k!
(2πi)k
∑
n 6=0
e2πinx
nk
, for 0 < x < 1 and k ≥ 0 .
The above identity actually holds at the end points x = 0 and x = 1 if k ≥ 2; by
convention B1(0) = B1 = −1/2. Note that its values at x ∈ Q are the additively
twisted L-functions which naturally arise as precursors to Dirichlet L-functions. For
example, the value at x = 0 expresses the k-th Bernoulli number as Bk = Bk(0) =
−(1 + (−1)k)k!(2πi)−kζ(k). The functional equation for the ζ-function then gives
the famous formula
(2.3) ζ(1 − k) = (−1)k−1 Bk
k
,
for k > 0.
The fact that these special L-function values are related to polynomials is
crucial for this theory, since it connects them to simpler algebraic expressions. The
k-th Bernoulli distribution is defined on Zp in terms of the special values
(2.4) µB,k(a+ p
mZp) := p
m(k−1)Bk(
a
pm ) for 0 ≤ a < pm and k ≥ 1 = − k!
(2πi)k
pm(k−1)
∑
n 6=0
e2πina/p
m
n−k if k ≥ 2
.
The presentation of this (p-adic) distribution in terms of the Fourier series (2.2)
demonstrates its additivity:
Lemma 2.5. Let a(n), n 6= 0, be a bi-infinite sequence such that |a(n)| =
O(n1−δ) for some δ > 0, and define
(2.6) ν(a+ pmZp) = p
m(k−1)
∑
n 6=0
a(n) e2πina/p
m
n−k
for a fixed prime number p and integers k ≥ 2, m ≥ 0. Then ν is additive in the
sense that
(2.7) ν(a+ pmZp) =
p−1∑
b=0
ν(a+ bpm + pm+1Zp) for all a ∈ Z and m ≥ 0
if and only if the sequence satisfies the property
(2.8) a(np) = a(n) for all n ∈ Z6=0 .
Remark: the bound on the coefficients is used solely to ensure absolute conver-
gence.
Proof. The righthand side of (2.7) equals
(2.9) p(m+1)(k−1)
∑
n 6=0
a(n)n−k
p−1∑
b=0
e
2πin( a
pm+1
+ b
p
)
.
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The sum
∑
b (mod p) e
2πinb/p equals p if p|n, and is zero otherwise. Hence (2.9)
equals
(2.10) p(m+1)(k−1)p p−k
∑
n 6=0
a(np)n−k e2πina/p
m
.
The difference between this and the lefthand side of (2.7) is
(2.11) pm(k−1)
∑
n 6=0
[a(np) − a(n)]n−k e2πina/pm .
Clearly (2.8) implies this vanishes. Conversely, if an absolutely convergent (hence
continuous) Fourier series vanishes on the dense set of rational numbers having de-
nominator a power of p, its coefficients must all be zero. Because of our assumptions
on the size of the a(n), this demonstrates that (2.7) implies (2.8). 
It follows from Lemma 2.5 that the distributions µB,k, which have a(n) con-
stant, are additive. Mazur’s measures µk,c are defined as convolutions of µB,k with
a δ-measure. More precisely,
(2.12) µk,c(U) := µB,k(U) − c−k µB,k(c U) , U ⊂ Zp compact open
[Kob84, Chapter 2]. Unlike the µB,k, the µk,c are measures, that is, bounded dis-
tributions, and can be integrated against continuous functions such as polynomials.
Mazur proved the identity µk,c = kx
k−1µ1,c. It follows from (2.3) and (2.4) that
the integral of µk,c over Z
∗
p is
(2.13)
µk,c(Z
∗
p) = (1− c−k)µB,k(Z∗p) = (1 − c−k) [µB,k(Zp)− µB,k(pZp)]
= (1− c−k) [Bk(0)− pk−1Bk(0)] = (1− c−k) (1− pk−1)Bk(0)
= (−1)k−1 k (1− c−k) (1− pk−1) ζ(1 − k)
for k ≥ 1. This is assertion (2.1) for the trivial character χ. For the nontrivial
character computations we rely on the following:
Lemma 2.14. Assume the hypotheses of Lemma 2.5, in particular the definition
of ν in (2.6). Then the integral of ν against a nontrivial Dirichlet character χ of
conductor q = pα is
(2.15)
∫
Z∗p
χ(x) dν = qk−1 τχ
∑
n 6=0
a(n)χ(n)n−k ,
where
(2.16) τχ :=
∑
r (mod q)
χ(r) e( rq ) , τχτχ = χ(−1) q ,
is the Gauss sum for χ.
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Proof. Indeed,
(2.17)
∫
Z∗p
χ(x) dν =
q∑
a=1
gcd(a,p)= 1
χ(a) ν(a + qZp)
=
q∑
a=1
gcd(a,p)= 1
χ(a) qk−1
∑
n 6=0
a(n) e2πina/q n−k
= qk−1
∑
n 6=0
a(n)n−k
q∑
a=1
gcd(a,p) = 1
χ(a) e2πina/q
= qk−1
∑
n 6=0
a(n)n−k χ(n) τχ .
Here we have used the fact that for a primitive character χ of modulus q,
(2.18)
q∑
a=1
p∤a
χ(a) e2πina/q =
{
χ(n)−1 τχ, p ∤ n ,
0, p | n ,
i.e., equals χ(n)τχ for all n ∈ Z. 
Consequently, if k ≥ 2 and χ is a nontrivial Dirichlet character of conductor q
and parity χ(−1) = (−1)k, we may use (2.12) to compute
(2.19)
∫
Z∗p
χ(x) dµk,c = (1 − χ(c)−1c−k)
∫
Z∗p
χ(x) dµB,k
= − k!
(2πi)k
(1 − χ(c)−1c−k) qk−1 τχ
∑
n 6=0
χ(n)n−k
= − (1− χ(c)−1c−k) 2 q
k−1k!
(2πi)k
τχ L(k, χ
−1) .
Recall the functional equation of an L-function of a Dirichlet character of conductor
q = pα and parity χ(−1) = (−1)ε, ε ∈ {0, 1}:
(2.20) (πq )
s−1/2 Γ(12 (1− s+ ε))L(1− s, χ−1) =
iεq1/2
τχ
Γ(12 (s+ ε))L(s, χ) .
It follows from this and standard Γ-function identities that for k ≡ ε (mod 2)
(2.21) 2
qk−1(k − 1)!
(2πi)k
τχ L(k, χ
−1) = L(1− k, χ) .
Thus
(2.22)
∫
Z∗p
χ(x) dµk,c = − k (1 − c−kχ(c)−1)L(1− k, χ) ,
which proves (2.1) when k ≥ 2. The remaining situation of k = 1 and odd Dirichlet
characters can be handled via a direct computation using the formula B1(x) =
x− 1/2 for 0 ≤ x < 1.
Remark: Distributions whose Mellin transforms give other interesting Dirich-
let series can of course be created using Lemma 2.14: the more difficult aspect is
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showing that they are measures (i.e., bounded). In our case of the reciprocal of the
ζ-function, one would take an appropriate multiple of a(n) = µ(n′), where µ is the
classical Möbius function and |n| factors uniquely as n′ times a power of p. (We
actually take a different but related expression coming from Eisenstein series in the
following section.)
Distributions whose p-adic Mellin transforms give L-functions (such as in Lemma 2.14
or Lemma 3.21) can be formed from Fourier series which have arithmetically inter-
esting coefficients a(n). Aside from the q-expansions of holomorphic Eisenstein se-
ries that we use in the following section, another source of such Fourier series are au-
tomorphic distributions [MS06]. For example, suppose that
∑
n6=0 c(n)
√
ye2πinxK0(2π|n|y)
is a non-holomorphic Maass form corresponding to an even icosahedral Galois rep-
resentation. Its automorphic distribution is the Fourier series
∑
n6=0 c(n)e
2πinx
formed by removing the special function
√
yK0(2π|n|y). Though this series con-
verges only in the sense of distributions ala Laurent Schwartz, its antiderivatives
(2πi)−k
∑
n6=0 c(n)n
−ke2πinx are continuous functions for k > 0. The paper [MS12]
uses these distributions to obtain analytic continuations of complex L-functions. It
would be interesting if this analogy to the Bernoulli polynomials that arose after
integrating (1.3) proved useful for p-adic analytic continuations of higher degree
automorphic L-functions.
3. Fourier coefficients of classical Eisenstein series
In this section we review the Fourier expansions of classical Eisenstein series,
and define p-adic distributions µ∗k which will ultimately be used to define the mea-
sure µ∗ asserted in Theorem 1.4. We begin with some motivating remarks about
Eisenstein series for the congruence subgroups
(3.1)
Γ0(N) = {
(
a b
c d
) ∈ SL(2,Z) | ( a bc d ) ≡ ( ⋆ ⋆0 ⋆ ) (modN)}
and Γ1(N) = {
(
a b
c d
) ∈ SL(2,Z) | ( a bc d ) ≡ ( 1 ⋆0 1 ) (modN)}
of SL(2,Z), N > 0. Given a Dirichlet character χ of modulus N (not necessarily
primitive) and an integer k ≥ 3, the weight k holomorphic Eisenstein series for
Γ0(N) transforming according to χ is defined by the formula
(3.2) Ek(χ,N) :=
∑
(
a b
c d
)
∈Γ∞\Γ0(N)
χ(d) (cz + d)−k ,
where Γ∞ = {( 1 n0 1 ) |n ∈ Z}. Two matrices in SL(2,Z) are left-equivalent under
Γ∞ if and only if they have the same bottom row, and a tuple (c, d) is the bottom
row of a matrix in Γ0(N) or Γ1(N) precisely when gcd(c, d) = 1 and it satisfies the
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respective congruence condition in (3.1). Thus the sum in (3.2) can be rewritten as
(3.3)
Ek(χ,N) =
∑
(c,d)∈Z2
gcd(c,d)= 1
N |c
χ(d) (cz + d)−k
=
∑
b∈ (Z/NZ)∗
χ(b)
∑
(c,d)∈Z2
gcd(c,d)= 1
N |c, d≡b (modN)
(cz + d)−k
=
∑
b∈ (Z/NZ)∗
χ(b)
∑
(c,d)∈Z2
gcd(c,d)= 1
d≡b (modN)
(Ncz + d)−k .
In the last step we have changed variables c 7→ Nc, and used the fact that for d
relatively prime to N one has gcd(c, d) = gcd(Nc, d). When N = 1 and χ is the
trivial character, this definition recovers the usual weight k holomorphic Eisenstein
series for SL(2,Z).
It is well-known that the nonzero Fourier coefficients of Ek(χ,N) involve the
reciprocals of L-functions for the Dirichlet character χ. The sum over d in (3.3)
thus suggests a p-adic integral for this L-value involving a measure defined by the
inner summation. Accordingly, for any prime p and integer m ≥ 0 define a map
Ek,pm from Z/pmZ to Mk(Γ1(pm)) by the formula
(3.4) Ek,pm(b) :=
∑
(c,d)∈Z2
gcd(c,d)= 1
d≡b (mod pm)
(pmcz + d)−k .
For example, Ek,pm(1) is an Eisenstein series for Γ1(pm).
Proposition 3.5. For b coprime to p the series Ek,pm has the Fourier expansion
(3.6)
Ek,pm(b) =
∑
r∈Z
r≡ b (mod pm)
r−k
∑
n> 0
n | r
p ∤n
µ(n)
+
(−2πi)k
pmk Γ(k)
∑
t∈ (Z/pmZ)∗
dd′> 0
ct(p
m) sgn(d) dk−1 e2πidtb/p
m
e2πidd
′z,
where the coefficients ct(N) for t relatively prime to N are defined by the formula
(3.7) ct(N) :=
∑
n> 0
tn≡1 mod N
µ(n)
nk
.
Proof. For k ≥ 3, N ≥ 1, and a, b ∈ Z/NZ, define
(3.8) Ek,N (z; a, b) =
∑
(c,d)∈Z2−{0,0}
(c,d)≡(a,b) (modN)
(cz + d)−k ,
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which is in the spaceMk(Γ(N)) of modular forms of weight k for Γ(N) (see [Miy,
p.271]). Using the identity
(3.9)
∑
n∈Z
(z + n)−k =
(−2πi)k
Γ(k)
∑
m> 0
mk−1e2πimz Im (z) > 0 ,
the Fourier expansion of Ek,N can be directly computed as follows [He27, p.201]:
(3.10)
Ek,N (z; a, b) = δ(
a
N ) ×
∑
d∈Z 6=0
d≡b (modN)
d−k +
+
(−2πi)k
NkΓ(k)
×
∑
dd′>0
d′≡a mod N
sgn(d) dk−1e2πi(
db
N
+ dd
′z
N
) ,
in which δ(x) is the characteristic function of the integers.
We shall also require a variant of (3.8) that is summed over relatively prime
pairs: for a, b ∈ Z such that gcd(a, b,N) = 1, define
(3.11) E∗k,N (z; a, b) =
∑
(c,d)∈Z2
(c,d)≡(a,b) (modN)
gcd(c,d)= 1
(cz + d)−k .
Using the Möbius function µ(·) and the assumption that gcd(b, p) = 1, it can also
be expressed in terms of (3.8) as
(3.12) E∗k,N (z; a, b) =
∑
t∈ (Z/NZ)∗
ct(N)Ek,N (z; ta, tb) ∈ Mk(Γ(N)) .
We now insert (3.12) into (3.4) to obtain
(3.13)
Ek,pm(b) =
∑
a∈Z/pmZ
E∗k,pm(p
mz; a, b) =
∑
a∈Z/pmZ
t∈ (Z/pmZ)∗
ct(p
m)Ek,pm (p
mz; ta, tb) .
According to (3.10) its constant term only involves the summand for a ≡ 0 (mod pm),
and equals
(3.14)
∑
t∈ (Z/pmZ)∗
∑
n> 0
n≡ t−1 (mod pm)
µ(n)
nk
∑
d∈Z
d≡ tb (mod pm)
1
dk
=
=
∑
n> 0
p ∤n
µ(n)
nk
∑
d∈Z
nd≡ b (mod pm)
1
dk
=
∑
r∈Z
r≡ b (mod pm)
r−k
∑
n> 0
n | r
p ∤n
µ(n) .
This is the first line on the right hand side of (3.6).
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For the nonconstant terms, we insert the second line of (3.10) into (3.13),
getting
(3.15)
(−2πi)k
pmk Γ(k)
∑
a∈Z/pmZ
t∈ (Z/pmZ)∗
ct(p
m)
∑
dd′>0
d′≡ta (mod pm)
sgn(d) dk−1e2πi(
dtb
pm
+dd′z) ,
which agrees with the second line on the right hand side of (3.6) after changing
variables a 7→ at−1 (mod pm).

Let Cn denote the map which sends a holomorphic modular form to the coeffi-
cient of e2πinz in its Fourier expansion. The proposition states that
(3.16)
Cpm(Ek,pm(b)) = (−2πi)
k
pmk Γ(k)
m∑
j=0
pj(k−1)
∑
n 6=0
p ∤n
µ(|n|)
nk
e2πin¯p
jb/pm ,
where n¯ denotes the modular inverse of n mod pm. We define a distribution µ˜∗k on
Z∗p by setting
(3.17)
µ˜∗k(b + p
mZp) : =
1
4
Cpm(Ek,pm(b))
=
(−2πi)k
4 pmk Γ(k)
m∑
j =0
pj(k−1)
∑
n 6=0
p ∤n
µ(|n|)
nk
e2πin¯p
jb/pm .
That µ˜∗k is additive follows immediately from its definition as a sum over a congru-
ence class in (3.4), or can also be checked directly ala Lemma 2.5.
Definition 3.18. Define a distribution on Z∗p by the formula
(3.19) µ∗k := µ˜
∗
k + c(k)µHaar ,
where µHaar is Haar “measure” on Qp and c(k) =
p2k−1
pk−1
(1−pk−1)−1
ζ(1−k) if k is even, and
0 otherwise. In explicit terms for k even
(3.20) µ∗k(b+ p
mZp) =
(2πi)k
4Γ(k)
∑
n 6=0
p∤n
µ(|n|)
nk
 m∑
j =0
pj(k−1)−mke2πin¯p
jb/pm − p
−m
1− p1−k
 .
Without the “correction factor” c(k)µHaar , µ
∗
k would not be a bounded distribution.
Indeed, the boundedness of µ∗ (shown in the next section) implies that µ˜∗k(b+p
mZp)
should be equal to −c(k)p−m plus a bounded p-adic number (with a bound that
depends on k). At present we do not know if this “divergence” can be directly seen
from (3.17).
Lemma 3.21. For any Dirichlet character χ whose conductor is a power of p
and integer k ≥ 3 of the same parity,
(3.22)
∫
Z∗p
χ(x)−1 dµ∗k(x) =
(1 − χ(p)pk−1)−1
L(1− k, χ) .
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Remark: This is not only the key computational step in our argument, but also
serves the important purpose of establishing that the measure values µ∗k(b+ p
mZp)
are algebraic numbers – a fact which is not obvious from their definition. Indeed,
the right hand side of (3.22) is of course algebraic, and thus so is the integral of dµ∗k
against any linear combination of finite order characters with algebraic coefficients
– in particular the characteristic function of b+ pmZp.
Proof. We begin with the case of the trivial character and k ≥ 4 even. Using
the additivity of µ˜∗k the formula
(3.23)
µ˜∗k(Z
∗
p) =
p−1∑
b=1
µ˜∗k(b + pZp)
=
(2πi)k
4 Γ(k)
∑
n 6=0
p ∤n
µ(|n|)
nk
1∑
j=0
pj(k−1)−k
p−1∑
b=1
e(npjb/p)
=
(2πi)k
4 Γ(k)
∑
n 6=0
p ∤n
µ(|n|)
nk
(
−p−k + p− 1
p
)
=
(2πi)k
2 Γ(k)
(1 − p−k)−1
ζ(k)
pk − pk−1 − 1
pk
readily follows from (3.17). The functional equation of the Riemann ζ function,
(3.24)
1
ζ(k)
=
2Γ(k)
(2πi)k ζ(1− k) ,
then implies
(3.25)
µ˜∗k(Z
∗
p) =
(1− p−k)−1
ζ(1 − k)
pk − pk−1 − 1
pk
=
(1− pk−1)−1
ζ(1 − k)
(1− pk−1) (pk − pk−1 − 1)
pk − 1 .
The integral of the trivial character over Z∗p is this plus c(k) times
p−1
p , the Haar
measure of Z∗p, which totals to give
(1−pk−1)−1
ζ(1−k) as claimed.
Next suppose that χ is a nontrivial character of conductor q = pm > 1 and
that k ≥ 3 has the same parity. Since χ is orthogonal to Haar measure, its integral
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against µ∗k is equal to
(3.26)∫
Z∗p
χ(x)−1 dµ˜∗k(x) =
(−2πi)k
4 qk Γ(k)
q∑
b=1
p∤b
χ(b)
∑
n 6=0
p ∤n
m∑
j=0
pj(k−1)
µ(|n|)
nk
e2πinbp
j/pm
=
(−2πi)k
4 qk Γ(k)
∑
n 6=0
p ∤n
µ(|n|)
nk
m∑
j=0
pj(k−1)
q∑
b=1
p∤b
χ(b) e2πinbp
j/pm
=
(−2πi)k
4 qk Γ(k)
∑
n 6=0
p ∤n
µ(|n|)
nk
χ(n)−1 τχ−1
= 2 τχ−1
(−2πi)k
4 qk Γ(k)
1
L(k, χ−1)
= L(1− k, χ)−1
(the terms with j > 0 vanished above because of (2.18)). In the last step we used
the formula
(3.27)
(−2πi)k
qk Γ(k)
τχ−1
L(k, χ−1)
=
2
L(1− k, χ) ,
which is a restatement of the functional equation (2.21) in light of (2.16). 
4. Proof of Theorem 1.4
We begin with some preliminaries about measures on Z∗p and its subgroup
Γ = 1 + pZp, which we recall is isomorphic to Zp as a topological group for p > 2.
Let ω(x) = limn→∞ x
pn denote the Teichmüller character of Z∗p; its image is the set
∆ of (p− 1)-st roots of unity in Z∗p. The group Z∗p decomposes as ∆× Γ, with the
map x 7→ ω(x)−1x furnishing the projection onto Γ.
Let ν denote a measure on Γ, extended to the rest of Z∗p by the relation
(4.1) ν(aU) = ν(U)
for any a ∈ ∆ and compact open U ⊂ Γ. Since each ωi is a continuous function on
Z∗p, the product ω
iν is a measure on Z∗p satisfying the transformation law
(4.2) (ωiν)(aU) = ω(a)i (ωiν)(U) = ai (ωiν)(U) , a ∈ ∆ .
Every measure µ on Z∗p can be decomposed as a sum of measures of the form ω
iν:
(4.3) µ =
1
p− 1
p−1∑
i=1
ωiνi ,
where each νi satisfies (4.1) (indeed, take (ω
iνi)(U) =
∑
a∈∆ ω(a)
−iµ(aU)).
Suppose now that χ is a continuous homomorphism from Z∗p to C
∗
p, and let χ0
denote its restriction to Γ. An arbitrary element x ∈ Z∗p factors as ω(x) ·ω(x)−1x ∈
∆ × Γ. The values of χ(ω(x)) are (p − 1)-st roots of unity in C∗p, and hence χ’s
restriction to ∆ has the form x 7→ x−j for some j (mod p− 1) (i.e., xjχ(x) = 1 for
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all x ∈ ∆). Since χ transforms under ∆ by ω−j , the integral of χ against µ of the
form (4.3) only involves the term for i = j, and equals
(4.4)
∫
Z∗p
χ(x) dµ =
1
p− 1
∫
Z∗p
χ(x) d(ωjνj) =
∫
Γ
χ0 dνj ,
reducing the integration of the character χ on Z∗p = ∆× Γ to that of χ0 on Γ.
We next make the assumption that µ is an odd measure on Z∗p, in the sense
that µ(−U) = −µ(U); equivalently, νi ≡ 0 if i is even. We furthermore suppose
that the restriction of each νi to Γ ∼= Zp for i odd is a unit in the Iwasawa algebra,
which in the context of Γ is a convolution algebra with respect to multiplication.
In terms of the isomorphism with formal power series, the invertibility condition is
that the constant term
(4.5) (ωiνi)(Γ) =
∑
a∈∆
ω(a)−i µ(aΓ) =
∫
Z∗p
ω(x)−i dµ
is a p-adic unit. In terms of measures, this invertibility means for each odd value of
i (mod p−1) Iwasawa’s isomorphism theorem [La80, p.97] guarantees the existence
of an “inverse” measure ν−1i such that νi ⋆ ν
−1
i is equal to the δ-distribution δ1 at
the identity, or in other words
(4.6)
∫
Γ
∫
Γ
f(xy) dνi(x) dν
−1
i (y) = f(1)
for any continuous function f : Γ→ Cp. In particular when i is odd,
(4.7)
∫
Γ
χ0 dν
−1
i =
(∫
Γ
χ0 dνi
)−1
.
After extending each ν−1i to measures ω
iν−1i on Z
∗
p as in (4.1)-(4.2), we define a
measure on Z∗p by the formula
(4.8) µ−1 :=
1
(p− 1)
∑
1≤i≤p−1
i odd
ωiν−1i .
By the same reasoning as in (4.4) and assuming further that χ is odd,
(4.9)
∫
Zp
χ(x) dµ−1 =
∫
Γ
χ0 dν
−1
j =
(∫
Γ
χ0 dνj
)−1
=
(∫
Zp
χ(x) dµ
)−1
,
that is, the integrals of µ and µ−1 against χ are reciprocals of each other.
Let us now specialize the above discussion to the particular case that µ equals
Mazur’s measure µ1,c, which we recall is an odd measure of Z
∗
p. By (4.5), the
condition that νi be a unit in the Iwasawa algebra is equivalent to the integral∫
Z∗p
ω−i(x)dµ1,c being a p-adic unit. This integral is computed in the case k = 1
of (2.1) as −(1 − χ(c)−1c−1)L(0, χ), with χ equal to the nontrivial, odd Dirichlet
character ω−i. At this point we assume, as we may, that c is a primitive root mod p
which is not congruent to ω(c) (mod p2). These assumptions are made to ensure
that prefactor ω(c)ic−1 − 1 is p times a p-adic unit if i = 1, and a p-adic unit if
i > 1.
At the same time, pL(0, ω−1) = −∑p−1a=1 ω−1(a)a ≡ −∑p−1a=1 1 ≡ 1 (mod p)
[Wa82, p.32]. This verifies the invertibility of ν1 in the Iwasawa algebra. For i > 1,
the Kummer congruences show that p divides L(0, ω−i) = L(0, ωp−1−i) if and only
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if p divides the Bernoulli number Bp−i [Wa82, Cor. 5.15]. Since p is regular, this
does not happen and these νi are also invertible in the Iwasawa algebra.
Therefore we conclude from (4.9) that the measure µ−11,c defined by (4.8) satisfies
the property
(4.10)
∫
Z∗p
xk−1 χ(x) dµ−11,c = −(1−χ(c)−1c−k)−1 (1−χ(p)pk−1)−1 L(1−k, χ)−1
for any Dirichlet character χ and nonnegative integer k of the same parity. For the
same reason as in (2.12), the regularization
(4.11) µ∗(U) := −µ−11,c(U) +
1
c
µ−11,c(cU)
(which is obtained by convolution with the δ-measure concentrated at c) satisfies
(4.12)
∫
Z∗p
xk−1 χ(x) dµ∗ = (1− χ(p)pk−1)−1 L(1− k, χ)−1 .
This shows the existence part of Theorem 1.4.
To conclude we shall match µ∗ to the distribution constructed from Eisenstein
series in section 3. Since µ∗ is a measure, so is xk−1µ∗ for any integer k. In
particular, it is a distribution. Let µ¯∗k denote the distribution on Z
∗
p defined by the
formula µ¯∗k(U) := µ
∗
k(U
−1), so that the integral in (3.22) is equal to
∫
Z∗p
χ(x)dµ¯∗k.
Comparing (3.22) and (4.12) for k ≥ 3, we see that µ¯∗k − xk−1µ∗ vanishes when
integrated against any Dirichlet character. Since these span the space of locally
constant functions on Z∗p, the distribution µ¯
∗
k − xk−1µ∗ must be identically zero,
and hence µ¯∗k and x
k−1µ∗ are equal as distributions. Both are thus bounded, making
µ¯∗k a measure. (We again remark that it would be highly desirable to have a proof
of the boundedness of µ¯∗k that only uses properties of Eisenstein series.) Thus for
each k ≥ 3 we conclude that x1−kµ¯∗k is a measure coinciding with µ∗, proving the
theorem.
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